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Three-dimensional Transformation 

 The world composed of three-dimensional images. 

 Objects have height, width, and depth. 

 The computer uses a mathematical model to create the image.  

 

1-:Coordinate System: 

      A three dimensional coordinate system can be view as an  

extension of the two dimensional coordinate system. 

   The third-dimension depth is represented by the Z-axis  

which is at right angle to the x, y coordinate plane. 

    

A point can be described by triple (x, y, z) of coordinate values 

Ex./ Draw the figure: (0,0,3), (0,1,3), (2,0,3), (2,1,3), (0,1,0) (2,0,0),  (2,1,0) 
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2-Vectors in 3D: Vectors can represents as V(X, Y, Z) ≡ V=[x y z] ≡ V=Xi+Yj+Zk 

2.1 Modules of vectors: the modules of a vector is given by length of the arrow by using length 

of line from (0,0,0) to (x, y, z) & term the modules of vector P is |P|. 

Where |P|= 222 PzPyPx   

Ex/ if p(5,-2,3) and Q(2,-4,-4),find |P| and |Q| 

Sol/|P|= 222 3)2(5  = 38  , |Q|= 222 )4()4(2  = 36  

2.2 Unit vectors: the unit vectors in direction of vectors P is written as 
^

P , which is calculated as 

following : 
^

P =
P

|P|
 , in apply of vector P on example p=5i-2j+3k, |p|= 38  

^

P =
5i

38
−

2j

38
+

3k

38
  

^

P = 0.8111i - 0.3244j +0.4867k 

2.3 Angles Vector about axis:- using Direction Cosine where = 
Direct in axis

|vector|
 

A. About X-axis  α =Cos-1( Vi / |V|) 

B. About Y-axis  β =Cos-1( Vj / |V|) 

C. About Z-axis  η =Cos-1( Vk / |V|) 

Note: A unit vector is direction cosine for all axes depend of components. 

2.4 Add of vectors: let P=Pi+Pj+Pk ,  Q=Qi+Qj+Qk   

P+Q ≡ Q+P = (Pi + Qi)i +(Pj + Qj)j +(Pk + Qk)k 

2.4 Subtraction of vectors: let P=Pi+Pj+Pk ,  Q=Qi+Qj+Qk   

P-Q = (Pi - Qi)i +(Pj - Qj)j +(Pk - Qk)k  P-Q ≠ Q-P 

2.5 Scalar of vectors: let P=Pi +Pj +Pk , n>1 then nP=  nPi +nPj +nPk but Keep direction 
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But if n= -1 change only direction & n<0 then change both components 

2.6 multiply of vectors by using Dot product: let P=Pi+Pj+Pk ,  Q=Qi+Qj+Qk   

P.Q ≡ Q.P = (Pi + Qi) +(Pj + Qj) +(Pk + Qk) = M  

The dot product is useful to find angle between on two vectors by 

P.Q= |P|*|Q|*cosꝊ Ꝋ=cos-1(
P.Q

|P|∗|Q|
) 

2.7 multiply of vectors by using Cross product: let P=Pi+Pj+Pk ,  Q=Qi+Qj+Qk   

P×Q = (

+𝑖 −𝑗 +𝑘
𝑃𝑖 𝑃𝑗 𝑃𝑘
𝑄𝑖 𝑄𝑗 𝑄𝑘

)   P×Q ≠ Q×P 

[(Pj * Qk) - (Pk * Qj)] i -[(Pi * Qk) - (Pk * Qj)] j +[(Pi * Qj) - (Pj * Qi)] k  

 

 

Ex/ if p = [5 -2 3], A= -2i+6j -7k find A×P, angle between P and A 

Sol/ A×P=( 4 , -29, -26) why? 

P×A (H.W) 

Angle ? (H.W) 

 

Ex/ if p = [5 -2 3], A= -2i+6j -7k find angle A-P in main axes. 

 

 

 

 

 

 

 



 Semester 3D Computer Graphics-nd2 

                                                                             

2nd Semester                                          Page 7 of 40                                           مدرس المادة: أ.م.د. فرح توفيق عبد الحسين 

                          

 

Computer Graphics 

2nd Semester 3D 

 

Part two 

(3D Transformation) 
 

 

 

 

 

 

 

 

 

 

 



 Semester 3D Computer Graphics-nd2 

                                                                             

2nd Semester                                          Page 8 of 40                                           مدرس المادة: أ.م.د. فرح توفيق عبد الحسين 

                          

 

 

 

2: Transformation: 

Transformations of 3 dimensions are simply extension of two dimension transformation. A three-

dimensional point (x, y, z) will be associated with homogeneous row vector [x, y, z, 1]. We can 

represent all three-dimensional linear transformation by multiplication of 4*4 matrixes. 

2.1 Translate (shift, Move) 

The new coordinate of a translate point can be calculate by using transformation. 

            X = X + a 

T:       Y = Y + b 

           Z = Z + c  

 

[ X , Y , Z ] = [X Y Z 1] ×[

𝟏 𝟎 𝟎 𝟎
𝟎 𝟏 𝟎 𝟎
𝟎
𝒂

𝟎
𝒃

𝟏
𝒄

𝟎
𝟏

] 

 

2.2:Scaling: 

 Allows for a contraction or stretching in any of the x, y, or z direction. To scale an object: 

1. Translate the fixed point to the origin. 

2. Scale the object. 

3. Perform the inverse of the original translation. 

 The scaling matrix with scale factors Sx, Sy, Sz in x, y, z direction is given by the matrix 

And see that matrices are as follows. The window shift is given by  

           X = Sx * X  

S:       Y = Sy * Y 

           Z = Sz * Z  

[ X , Y , Z ] = [X Y Z 1] ×[

𝑺𝒙 𝟎 𝟎 𝟎
𝟎 𝑺𝒚 𝟎 𝟎
𝟎
𝟎

𝟎
𝟎

𝑺𝒛
𝟎

𝟎
𝟏

] 
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2.3 Mirror 3D 

 About origin: (X, Y, Z) (-X, -Y, -Z) 

 

[ X , Y , Z ] = [X Y Z 1] ×[

−𝟏 𝟎 𝟎 𝟎
𝟎 −𝟏 𝟎 𝟎
𝟎
𝟎

𝟎
𝟎

−𝟏
𝟎

𝟎
𝟏

] 

 

 Mirror about Main Axes 

 X-axis: (X, Y, Z) ( X, -Y, -Z) 

[ X , Y , Z ] = [X Y Z 1] ×[

𝟏 𝟎 𝟎 𝟎
𝟎 −𝟏 𝟎 𝟎
𝟎
𝟎

𝟎
𝟎

−𝟏
𝟎

𝟎
𝟏

] 

 Y-axis: (X, Y, Z) ( -X, Y, -Z) 

[ X , Y , Z ] = [X Y Z 1] ×[

−𝟏 𝟎 𝟎 𝟎
𝟎 𝟏 𝟎 𝟎
𝟎
𝟎

𝟎
𝟎

−𝟏
𝟎

𝟎
𝟏

] 

 Z-axis: (X, Y, Z) ( -X, -Y, Z) 

[ X , Y , Z ] = [X Y Z 1] ×[

−𝟏 𝟎 𝟎 𝟎
𝟎 −𝟏 𝟎 𝟎
𝟎
𝟎

𝟎
𝟎

𝟏
𝟎

𝟎
𝟏

] 

 

 Mirror about Main Plane 

 Plane XY: (X, Y, Z) ( X, Y, -Z) 

[ X , Y , Z ] = [X Y Z 1] ×[

𝟏 𝟎 𝟎 𝟎
𝟎 𝟏 𝟎 𝟎
𝟎
𝟎

𝟎
𝟎

−𝟏
𝟎

𝟎
𝟏

] 

 Plane YZ: (X, Y, Z) ( -X, Y, Z) 

[ X , Y , Z ] = [X Y Z 1] ×[

−𝟏 𝟎 𝟎 𝟎
𝟎 𝟏 𝟎 𝟎
𝟎
𝟎

𝟎
𝟎

𝟏
𝟎

𝟎
𝟏

] 

 Plane XZ: (X, Y, Z) (X, -Y, Z) 
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[ X , Y , Z ] = [X Y Z 1] ×[

𝟏 𝟎 𝟎 𝟎
𝟎 −𝟏 𝟎 𝟎
𝟎
𝟎

𝟎
𝟎

𝟏
𝟎

𝟎
𝟏

] 

 

 

2.4: Shear 3D about main plane therefore shear 3D are:- 

 Shear XY   

xsh = x + Shx*z 

ysh = y + Shy*z    [ Xsh , Ysh , Zsh ] = [X Y Z 1] ×[

𝟏 𝟎 𝟎 𝟎
𝟎 𝟏 𝟎 𝟎

𝒔𝒉𝒙
𝟎

𝒔𝒉𝒚
𝟎

𝟏
𝟎

𝟎
𝟏

] 

zsh = z 

 

 Shear XZ   

xsh = x + Shx*y 

ysh = y    [ Xsh , Ysh , Zsh ] = [X Y Z 1] ×[

𝟏 𝟎 𝟎 𝟎
𝒔𝒉𝒙 𝟏 𝒔𝒉𝒛 𝟎

𝟎
𝟎

𝟎
𝟎

𝟏
𝟎

𝟎
𝟏

] 

zsh = z+ Shz*y 

 

 Shear YZ   

xsh = x  

ysh = y + Shy*x   [ Xsh , Ysh , Zsh ] = [X Y Z 1] ×[

𝟏 𝒔𝒉𝒚 𝒔𝒉𝒛 𝟎
𝟎 𝟏 𝟎 𝟎
𝟎
𝟎

𝟎
𝟎

𝟏
𝟎

𝟎
𝟏

] 

zsh = z+ Shz*x 

 

Note: 

  if shear for example on plane XY is -3, therefore shx= -3, shy= -3 

 if shear on z by -2 and shear on y by 5, therefore this shear at  plane YZ and  shy= 5, shz= -2 

 if it apply shear directly then center of shearing (0,0,0), but if center shearing not (0,0,0) 

need 

a) Shift center (Xc, Yc, Zc) into (0, 0, 0) by shifting transform. 
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b) Apply shearing transform (or Scaling transform) 

c) Inverse step a (return center in the location (Xc, Yc, Zc)) 

d) These step (a, b, c) apply in scaling transform. 

 

2.5 Rotation: 

Rotation in three dimensions is considerably more complex than                                        

rotation in two dimensions. In two dimensions, a rotation is prescribed                                       

by an angle of rotation θ and center of rotation p.  

Three dimensional rotations require the prescription                                                                    

of an angle of rotation and an axis of rotation.  

The canonical rotations are defined when one of the                                                                     

positive x, y, or z coordinate axes is chosen as the axis                                                                 

of rotation. Then the construction of the rotation transformation proceeds just kike that of a 

rotation in two dimensions about the origin see figure above. 

 

 

 

 

 

               

 

 

 

 

 

 

 

 

1 0 0 0 

0 Cos(θ) Sin(θ) 0 

0 -Sin(θ) Cos(θ) 0 

0 0 0 1 

Rotation about 

the X-Axis  R(X, θ) 

Xr = X  

Yr = YCos(θ) -ZSin(θ) 

Zr = ZCos(θ) +YSin(θ) 

Rotation about 

the Y-Axis  R(Y, θ) 

Xr = XCos(θ) -ZSin(θ) 

Yr = Y  

Zr = ZCos(θ) +XSin(θ) 

Cos(θ) 0 Sin(θ) 0 

0 1 0 0 

-Sin(θ) 0 Cos(θ) 0 

0 0 0 1 

θ 
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note that the direction of positive angle of rotation is chosen in accordance to the right-hand rule 

with respect to the axis of rotation.  

     

 

The general use of rotation about an axis L can be built up from these canonical rotations using 

matrix multiplication in next section. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Cos(θ) Sin(θ) 0 0 

-Sin(θ) Cos(θ) 0 0 

0 0 1 0 

0 0 0 1 

Rotation about 

the Z-Axis  R(Z, θ) 

Xr = XCos(θ) -YSin(θ) 

Yr = YCos(θ) +XSin(θ) 

Zr = Z  
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3. Projection 

A projection is transformations that perform a conversion from three-dimension representation 

to a two dimension representation. 

3.1 Parallel (orthogonal) projection: 

A parallel projection is to discard one of the coordinate. Like dropping the Z coordinate and 

project the X, Y, Z coordinate system in to the X, Y plane. 

The projection of a point Q(x, y, z) lying on the cube                                                                     

is point Q`(xp, xy) in the x, y plane where a line passing                                                     

through Q and parallel to the Z-axis intersect the                                                                                       

X, Y plane these parallel line called projectors and                                             we get Xp=X ;  

Yp=Y . 

 Straight lines are transformed into straight lines. 

 Only endpoints of a line in three-dimension                                                                            

are projected and then draw two-dimensional line between these projected points. 

 The major disadvantages of parallel projection are its lack of depth information. 

Explanation: 

 Let [xp  yp  zp] is a vector of the direction of projection.The image is to be projected onto 

the x y plane. 

 If we have a point on the object at (x1, y1, z1) we wish to determine where the projected 

point (x2, y2) will lie.The equation for a line passing through the point (x, y, z) and in the 

direction of projection 

 X= x1 + xp * u 

 Y= y1 + yp * u 

 Z= z1 + zp * u    If Z=0 then u= -z1/zp  

Substituting this into the first two equations: 

O  
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  X2= x1 – z1 (xp / zp)                [x2 y2 z2 1]=[x1 y1 z1 1]*[

1 0 0 0
0 1 0 0

−𝑥𝑝/𝑧𝑝
0

−𝑦𝑝/𝑧𝑝
0

0 0
0 1

] 

 Y2 = y1 – z1 (yp / zp) 

 Written in matrix form we set  

This projection don't care depth object and far near object. it is parallelism of  X-axis or y-axis 

or z-axis and any parallel axis this axis discard in 2D or must be zero in 3D 

Parallel Projection 

(X,Y,Z) 

2D – environment 3D – environment 

Para-X (y,z) (0,y,z) 

Para-y (x,z) (x,0,z) 

Para-z (x,y) (x,y,0) 

 

Ex// show figure {(7,11,2), (-9, 1,21), (61,19,-2), (17,-31,2), (-72,-18,-22), (4,-11,-92)}  that 

parallel on X-axis and what happen if parallel y-axis ,z-axis in 3D 

Sol// Parallel X-axis figure1 {(0,11,2), (0, 1,21), (0,19,-2), (0,-31,2), (0,-18,-22), (0,-11,-92)}  

Parallel y-axis figure2 {(7,0,2), (-9, 0,21), (61,0,-2), (17,0,2), (-72,0,-22), (4,0,-92)} 

Parallel z-axis figure3 {(7,11,0), (-9, 1,0), (61,19,0), (17,-31,0), (-72,-18,0), (4,-11,0)} 

H.W// in 2D Figure1, figure2 and figure3 what happen? 

 

3.2 Perspective projection 

 The further away an object is from the viewer the smaller it appears. 

 These provide the viewer with a depth cue. 

 All line are converging at a single point called the center of projection. 
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If the center of projection is at (xc, yc, zc) and the point on the object is (x1, y1, z1) then the 

projection ray will be the line containing these point and will give by: 

X = xc + (x1 – xc) u 

Y = yc + (y1 – yc) u 

Z = zc + (z1 – zc) u 

The projection point (x2, y2) will be the point where this line intersects the xy plane. 

The third equation tells us that u for this intersection point (Z=0) is u= - zc/(z1-zc)  

substituting into the first two equation gives:  

                        x2 = xc – zc  [ (x1 - xc)/(z1 - zc) ] 

                       y2 = yc – zc  [ (y1 - yc)/(z1 - zc) ] 

this can be written as: 

          x2 = ( xc * z1 - x1 * zc ) / ( z1 - zc ) 

         y2 = ( yc * z1 – Y1*zc ) / ( z1 – zc ) 

This projection can be put into the form of transformation matrix.                              

P= [

−𝑍𝑐 0 0 0
0 −𝑍𝑐 0 0

𝑋𝑐
0

𝑌𝑐
0

0 1
0 −𝑍𝑐

]                                              

It is equivalent from of the projection transformations 
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 P= [

1 0 0 0
0 1 0 0

−𝑋𝑐/𝑍𝑐
0

−𝑌𝑐/𝑍𝑐
0

0 −1/𝑍𝑐

0 1

] 

 

Note: If Q(x, y, z) be a point that project to the point Q`(xp, yp) in center of projection (0, 0, D) 

where is distance from the eye to the projection plane the perspective transformation   

 xp = (D * x) / (z + D)  ;      yp = (D * y) / (z + D)  ;   zp = 0 

 The perspective transformation matrix 

P= [

1 0 0 0
0 1 0 0
0
0

0
0

0 1/𝐷

0 1

] 

 

ex// figure { A(-5,8,0), B(7,-9,11) ,C( 1,4,-6)} projection at plane XZ where COP( -3,2,-7) 

Sol/(x-xc) is dx because x is final, xc is start same as (y-yc) is dy and (z-zc) is dz                     

 Y must be 0 

Points dx dy dz Uy=
−𝑦𝑐

(𝑦−𝑦𝑐)
 

A -5+3 -2 8-2 6 0+7 7 −2

6
 

−1

3
 

B 7+3 10 -9-2 -11 11+7 18 −2

−11
  

2

11
 

C 1+3 4 4-2 2 -6+7 1 −2

2
  -1 

 

Points x y z Result 

A -2*
−1

3
 -3 6*

−1

3
 +2  0 7*

−1

3
 -7 (Ax,0,Az) 

B 10*
2

11
 -3 -11*

2

11
 +20 18*

2

11
 -7 (Bx,0,Bz) 

C 4* -1 -3 2* -1 +20 1* -1 -7 (Cx,0,Cz) 

 

H.W // projection Plane XY and YZ?  
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Hint projection Plane XY then Z=0, Plane YZ then X=0 

Table one only change Filed (U) 

 

3.3 Oblique projection  

Remove oblique-axis (slope-axis) and analysis into polar coordinate                                                                     

α angle C-axis with –B axis and β angle C-axis with –A axis                                                                          

finally c-axis remove then become 2D coordinate (B',A') ,                                                                                      

B: Horizontal-axis and A vertical-axis.  

(Horizontal)B'=B- C*cos(α)  

(Vertical) A'=A – C*sin(β)     

 

That show 3D reality by equation: - α=β=45o  

Z-Axis is oblique coordinate as following:- 

X'=X+ (Z*-0.7) & Y'=Y+ (Z*-0.7)  

Sin45=cos45 ≈0.7 in three quarter are too negative 

Matrix representation 

  [X' Y' Z']=[X Y Z 1]* [

1 0 0 0
0 1 0 0

𝐶𝑜𝑠(𝛼)
0

𝑆𝑖𝑛(𝛽)
0

0 1
0 1

] =[X-Z*cosα Y-Z*sinβ 0 1] 

If you care distance, you add (D: distance in this projection) by 

  [X' Y' Z']=[X Y Z 1]* [

1 0 0 0
0 1 0 0

𝐷 ∗ 𝐶𝑜𝑠(𝛼)
0

𝐷 ∗ 𝑆𝑖𝑛(𝛽)
0

0 1
0 1

] =[X-D*Z*cosα Y-D*Z*sinβ 0 1] 

 

 

 

 

 

Where B'=B- C*cos(α) 

and A'=A – C*sin(β) 
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x// figure { A(-5,8,0), B(7,-9,11) ,C( 1,4,-6)} where X-axis oblique on Vertical by 30o 

Sol/ X-axis oblique on Vertical by 30o
 X-axis oblique on horizontal by 90 o -30o=60 o 

X is Remove then projection on plane YZ 

(Horizontal)Y'=Y- X*cos(60)  

(Vertical) Z'=Z – X*sin(30) 

Then apply all figure points (H.W) & draw this figure after 
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Line 3D 

Line 3D can describe by parametric as following: 

x= (x2-x1)*t+x1                    where t= [0..1] 

y= (y2-y1)*t+y1             in t=0  x=x1, y=y1, z=z1 

z= (z2-z1)*t+z1             in t=1  x=x2, y=y2, z=z2 

To generate line 3D at start(x1, y1, z1) and end(x2, y2, z2) 

For t=0 to 1 step 0.01 

    X= (x2-x1)*t+x1                     

    Y= (y2-y1)*t+y1              

    Z= (z2-z1)*t+z1              

    Plot(X ,Y ,Z ) 

Next t 

H.W/ generate line where start (-8, 10, 30) and end (70, -40, -5),find at segment (0.74) 

 

Helix  

A cylindrical helix may be described by the following parametric equations: 

X = Xc + r * Cos(t) 

Y =Yc +  r * Sin(t) 

Z = Zc + p * (t) ' it's round about Z-axis 

where  t [angle] € (-∞,∞) 

(Xc, Yc, Zc) is center of Helix 

If cylindrical helix may be round about X-axis therefore:- 

X = Xc + p * (t) ' it's round about X-axis 

Y =Yc +  r * Cos(t) 

                               Z = Zc + r * Sin(t)  

same as cylindrical helix may be round about Y-axis therefore:- 

X = Xc + r * Cos(t)  

Y =Yc + p * (t) ' it's round about Y-axis  

P 

r 



 Semester 3D Computer Graphics-nd2 

                                                                             

2nd Semester                                          Page 22 of 40                                           مدرس المادة: أ.م.د. فرح توفيق عبد الحسين 

                          

                              Z = Zc + r * Sin(t)  

 

Ex// generate helix where center (-5,11,-8),radius is 56,displace between rings by 33 around 

x-axis on 76o into 1112o.    

Find helix point at Ꝋ = -177 ( t= -177) 

xc= -5, yc=11, zc= -8, r=56 ,p=33 ,t=[76 .. 1112] X 

Sol// for t=76 to 1112 

           X = -5 + 33 * (t) ' it's round about X-axis 

          Y =11+ 56 * Cos(t) 

          Z = -8 + 56 * Sin(t)  

          Plot point(X, Y, Z) 

        Next t 

H.W // if you around in Y-axis or Z-axis how to solve it. 

Sphere: 

                     

Sphere Coordinate has two radius r and p, r is constant but P depend of r where   

X=P*cos(ῳ) 

Y=P*sin(ῳ) 

Z=r*cos(Ꝋ) 

Then P=r*sin(Ꝋ) 
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 Substation P on X and Y then  

X= r*sin(Ꝋ)*cos(ῳ) 

Y= r*sin(Ꝋ)*sin(ῳ) 

Z=r*cos(Ꝋ) 

To Draw Sphere by code segment 

For k = 0 To 360 Step m              ' m is a number circle ball 

    For n = 0 To 360 Step v           'v is Texture Ball 

      X = r * Sin (n) * Cos (k)                      

      Y = r * Sin (n) * Sin (k) 

      Z = r * Cos (n) 

     'Z-rotation                                 

         X2 = X * Cos (az) - Y * Sin (az)         ' az:-angle rotate about Z-axis 

        Y2 = X * Sin (az) + Y * Cos (az) 

    'X-rotation 

      z2 = z * Cos (ax) - Y2 * Sin (ax)         ' ax:- angle rotate about X-axis 

      Y1 = z * Sin (ax) + Y2 * Cos (ax) 

   'Y-rotation 

      X1 = X2 * Cos (ay) - z2 * Sin (ay)       ' ay:- angle rotate about Y-axis 

      z1 = X2 * Sin (ay) + z2 * Cos (ay) 

      picture1.PSet (X1 + (z1 * -0.7), Y1 + (z1 * -0.7))        ' using oblique Projection 

   Next n 

Next k 

H.W  

 Generate ball (sphere) with center (60,-90,-20), size 30 units, rotate about Y-axis by -70 

and X-axis by 120 and Z-axis by 30. 
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 Find location at sphere where (r=11, Ꝋ=45o, ῳ= -30)     

 

 

 

 

 

 

 

                                                                               Sphere ax=120, ay= -70, az=30  
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Spline Curve 

This Part talk’s method for curve drawing & curve fitting are {Bezier Curve,    B-spline curve, 

Cubic interpolation curve}  

Bezier Curve uses a sequence of control points, P1, P2, P3, P4 to construct a well defined curve 

P(t) at each value of t from 0 to 1.This provides a way to generate a curve from a set of points. 

Changing the points will change the curve. P (t) is defined as: 

P(t)=(1-t)3P1+3(1-t)2tP2+3(1-t)t2P3+t 3P4 … (1)     {can apply 2D, 3D} 

How discover this equ.(1) 

T=0  P(0)=P1 & T=1 P(1)=P4 therefore equ.(1) Bezier Curve 

Code Segment :- Let X1,X2,x3,X4 & Y1,Y2,Y3,Y4 are control points 

For t = 0 To 1 Step 0.0001 "to smooth 

    x = (1 - t) ^ 3 * X1 + 3 * (1 - t) ^ 2 * t * X2 + 3 * (1 - t) * t ^ 2 * x3 + t ^ 3 * X4 

    y = (1 - t) ^ 3 * Y1 + 3 * (1 - t) ^ 2 * t * Y2 + 3 * (1 - t) * t ^ 2 * y3 + t ^ 3 * y4 

 plot point (x, y) 

Next t 

Finally: the first and last points are fitting but other are effected not fitting. 

    

Ex// generate Curve where equation is P(t )= (1-t)3P1+ 3(1-t)2t P2 +3(1-t)t2P3+t 3P4 on Control points           

(9,-50),(67,13),(4,-8),(-22,-97).(H.W) find curve at section=0.67. 

T=0P(0)=P1   and T=1 P(1)=P4 

Then X1= 9, Y1= -50, X2= 67,Y2= 13, X3= 4,Y3= -8, X4= -22,Y4= -97 

For t = 0 To 1 Step 0.0001 "to smooth 

    x = (1 - t) ^ 3 * X1 + 3 * (1 - t) ^ 2 * t * X2 + 3 * (1 - t) * t ^ 2 * x3 + t ^ 3 * X4 

    y = (1 - t) ^ 3 * Y1 + 3 * (1 - t) ^ 2 * t * Y2 + 3 * (1 - t) * t ^ 2 * y3 + t ^ 3 * y4 
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 Plot point (x, y) 

Next t 

Or (can apply this values in code segments without assign variables) 

B-spline Curve:- uses a sequence of control points, P1, P2, P3, P4 to construct a well-defined 

curve of degree three,  at each value of t from 0 to 1.This provides a way to generate a curve 

from a set of points. Changing the points will change the curve. F (t) defined as  

)2.........(
6

1
}1333{

6

1
}463{

6

1
)1(

6

1
)( 4

3

3

23

2

23

1

3 ptptttpttpttF 
 

How discover this equ.(2) is B-spline 

T=0P(0)= 
𝟏

𝟔
𝑷𝟏 +

𝟒

𝟔
𝑷𝟐 +

𝟏

𝟔
𝑷𝟑  and T=1 P(1)=

 𝟏

𝟔
𝑷𝟐 +

𝟒

𝟔
𝑷𝟑 +

𝟏

𝟔
𝑷𝟒  therefore equ.(2) B-spline Curve 

 

Code Segment :- Let X1,X2,x3,X4 & Y1,Y2,Y3,Y4 are control points 

For t = 0 To 1 Step 0.0001 

  x = ((1-t)^3*X1 + (3*t^3 -6*t^2 +4)*X2 + (-3*t^3 +3*t^2 +3*t+1)*x3 + t^3*x4) / 6 

  y = ((1-t)^3*Y1 + (3*t^3 - 6*t^2 +4)*Y2 + (-3*t^3 +3*t^2 +3*t +1)*y3 +t^3*y4) / 6 

  Plot point (x, y) 

Next t 

Finally: the B-spline curve is not fitting any control point but it inside curve points grouping 

Ex// generate Curve where on Control points are (9,-50,-1), (67, 13, 66), (4,-8, 99), (-22,-97,-21) by equation 

is:   𝑷(𝒕) =
𝟏

𝟔
(𝟏 − 𝒕)𝟑𝑷𝟏 +

𝟏

𝟔
{𝟑𝒕𝟑 − 𝟔𝒕𝟐 + 𝟒}𝑷𝟐 +

𝟏

𝟔
{−𝟑𝒕𝟑 + 𝟑𝒕𝟐 + 𝟑𝒕 + 𝟏}𝑷𝟑 +

𝟏

𝟔
𝒕𝟑𝑷𝟒  

Sol/ X1= 9, Y1= -50, Z1= -1, X2= 67, Y2= 13, Z2=66, X3= 4, Y3= -8, Z3=99, X4= -22, Y4= -97, Z4= -21 

For t = 0 To 1 Step 0.0001 

  x =((1-t)^3*X1 + (3*t^3 -6*t^2 +4)*X2 + (-3*t^3 +3*t^2 +3*t+1)*x3 + t^3*x4) / 6 

  y =((1-t)^3*Y1 + (3*t^3 - 6*t^2 +4)*Y2 + (-3*t^3 +3*t^2 +3*t +1)*y3 +t^3*y4) / 6 

  z =((1-t)^3*Z1 + (3*t^3 - 6*t^2 +4)*Z2 + (-3*t^3 +3*t^2 +3*t +1)*Z3 +t^3*Z4) / 6 

  Plot point (x, z) 

Next t .  (H.W) find curve at section=0.25. 
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6.1Normal Vector  

The normal vector, often simply called the 

"normal," to a surface is a vector which 

is perpendicular to the surface at a given 

point. When normal are considered on closed 

surfaces, the inward-pointing normal (pointing 

towards the interior of the surface) and 

outward-pointing normal are usually 

distinguished.  

How Find Normal Vector at surface or plane? 

Let P (3, 1, 4), Q(0, -1, 2), S(5, 3, -2)                                              

 P-Q= (3, 2, 2), P-S= (-2, -2, 6) 

 P-Q×P-S = (16, -22, -2) η1=16i-22j-2k ≡ η1=8i-11j-k 

P-S×P-Q = (-16, 22, 2) η2= -16i+22j+2k ≡ η2= -8i+11j+k  

Note η1, η2 may be front side surface or back face surface  

6.2Plane Equation 

In mathematics, a plane is a flat, two-dimensional surface that extends infinitely far. A plane is 

the two-dimensional analogue of a point (zero dimensions), a line (one dimension) and three-

dimensional space. Planes can arise as subspaces of some higher-dimensional space, as with 

one of a room's walls, infinitely extended, or they may enjoy an independent existence in their 

own right, as in the setting of Euclidean geometry. 

When working exclusively in two-dimensional Euclidean space, the definite article is used, so 

the plane refers to the whole space. Many fundamental tasks in mathematics, geometry, 
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trigonometry, graph theory, and graphing are performed in a two-dimensional space, or, in 

other words, in the plane. 

A plane in three-dimensional space has the equation (ax + by + cz +d =0) where at least one of 

the numbers a, b, and c must be non-zero. A plane in 3D coordinate space is determined by a 

point and a vector that is perpendicular to the plane. 

How find plane equation in the following figure? 

Let P (3, 1, 4), Q(0, -1, 2), S(5, 3, -2)  

Step1: find normal vector  P-Q= (3, 2, 2), P-S= (-2, -2, 6),                                P-Q×P-S = (16, 

-22, -2) η1=16i-22j-2k  

Step2: plane = 16(x-Xi)-22(y-Yi)-22(k-Ki)  apply on P16(x-3)-22(y-1)-2(k-4) =            

16x-22y-2k-18=0     plane= 8x-11y-k-9 (H.W) apply η with Q and S what happen? 

6.3 Test arbitrary point on plane 

Plane Equation is Ax+ By+ Cz +D =0 if arbitrary point (xp, yp zp) how detect this point is inside 

or outside or boundary of plane’s. 

If Axp + Byp + Czp +D =0  point (xp, yp zp) on boundary plane (edge plane) 

If Axp + Byp + Czp +D <0  point (xp, yp zp) is inside on plane 

If Axp + Byp + Czp +D >0  point (xp, yp zp) is outside on plane 

For example plane=8x-11y-k-9 check (1,-2, 0), (1, 2, 0) belong to plane or not why? 

Check (1,-2, 0)  8*1 -11*-2 -1*0 -9 = 21 outside on plane 

Check (1, 2, 0)  8*1 -11*2 -1*0 -9 = -23 inside on plane 
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6.4 Detect Front –Back side on plane 

How detect front side (Visible Surface Detection) and back face (Hidden Surface Elimination)? 

If find Normal η (X η, Y η, Z η) of plane and have view point V (Xv, Yv, Zv), therefore find    

{η .V} 

If η .V >0 then Surface back face (Hidden Surface Elimination) 

Otherwise if  η .V <0 then Surface front face (Visible Surface Detection) 
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7. Shadow Projection 

It’s need light source ( xL, yL, zL) and (x ,y ,z) point on polygon. 

7. 1 Shadow on XZ-Plane 

[

1 0 0 0
0 1 0 0
0

−𝑥𝐿

0
−𝑦𝐿

1
−𝑧𝐿

0
1

] ×[

1 0 0 0
0 1 0 −1/𝑦𝐿
0
0

0
0

1
0

0
0

]×[

1 0 0 0
0 1 0 0
0

𝑥𝐿

0
𝑦𝐿

1
𝑧𝐿

0
1

] 

Step1:- X’=X-xL , Y’=Y-yL , Z’=Z-zL  

Step2:- sha_Y= 
𝑦𝐿

(yL−Y ’)
    Xsha =X’ * sha_Y, Ysha =Y’ * sha_Y = -yL, Zsha =Z’ * sha_Y 

Step3:- Xg= Xsha +xL , Yg= Ysha +yL =0 , Zg= Zsha +zL 

7.2 Shadow on YZ-Plane 

[

1 0 0 0
0 1 0 0
0

−𝑥𝐿

0
−𝑦𝐿

1
−𝑧𝐿

0
1

] ×[

1 0 0 −1/𝑥𝐿
0 1 0 0
0
0

0
0

1
0

0
0

]×[

1 0 0 0
0 1 0 0
0

𝑥𝐿

0
𝑦𝐿

1
𝑧𝐿

0
1

] 

Step1:- X’=X-xL , Y’=Y-yL , Z’=Z-zL  

Step2:- sha_X= 
𝑥𝐿

(xL−x ’)
    Xsha =X’ * sha_X = -xL , Ysha =Y’ * sha_X, Zsha =Z’ * sha_X 

Step3:- Xg= Xsha +xL=0  , Yg= Ysha +yL , Zg= Zsha +zL 

7.3 Shadow on XY-Plane 

[

1 0 0 0
0 1 0 0
0

−𝑥𝐿

0
−𝑦𝐿

1
−𝑧𝐿

0
1

] ×[

1 0 0 0
0 1 0 0
0
0

0
0

1
0

−1/𝑧𝐿
0

]×[

1 0 0 0
0 1 0 0
0

𝑥𝐿

0
𝑦𝐿

1
𝑧𝐿

0
1

] 

Step1:- X’=X-xL , Y’=Y-yL , Z’=Z-zL  

Step2:- sha_Z= 
𝑧𝐿

(zL−Z ’)
    Xsha =X’ * sha_Z, Ysha =Y’ * sha_Z , Zsha =Z’ * sha_Z = -zL 

Step3:- Xg= Xsha +xL , Yg= Ysha +yL, Zg= Zsha +zL =0 

Note 
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 [

𝟏 𝟎 𝟎 𝟎
𝟎 𝟏 𝟎 −𝟏/𝒚𝑳
𝟎
𝟎

𝟎
𝟎

𝟏
𝟎

𝟎
𝟎

]÷ (-1/yL)  [

−𝒚𝑳 𝟎 𝟎 𝟎
𝟎 −𝒚𝑳 𝟎 𝟏
𝟎
𝟎

𝟎
𝟎

−𝒚𝑳
𝟎

𝟎
𝟎

] if shadow project at plane XZ 

Can apply for any shadow projection XY or YZ 

H.W polygon consist {A(9, 8,4), B(-11 -6, -7),C( -2 ,5 ,12), D(13,-3,-1)}                                

what shadow location, if light source at (10, 2,-15) .                                                                at 

plane-XY , plane-XZ and plane-YZ. 

3D Model Frame (mesh) 

To build model 3D by vertices of polygon need build three table as show figure below 

Where V1,V2 …Vn as Vertexes of polygon.                                                                                              

But E1,E2…En are Edge of polygon.       

And S1,S2…Sn are Surface on Polygon to 

build this model look at table 

Vertex Table 

V1 X1, Y1, Z1 

V2 X2, Y2, Z2 

V3 X3, Y3, Z3 

 V4 X4, Y4, Z4 

V5 X5, Y5, Z5 

 

 

The know Architecture model 3D of figure above in three tables is:-   

Step1 (Vertex Table), Step2 (Edge Table), Step3 (Surface Table),  

H.W// how can build this cubic Design? 

Or other designs 

Edge Table 

E1 V1, V2 

E2 V2, V3 

E3 V3, V1 

E4 V3, V4 

E5 V4, V5 

E6 V5, V1 

Surface Table 

S1 E1, E2, E3 

S2 E3, E4, E5, E6 
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This Part talk’s about two worlds (windows) real world and viewport (device), how can 

represent real-world on device-world or device-world into real-world especially both worlds are 

3D. 

 

 

 

 

 

 

 

 

 

 

Look these worlds (map), (goal) may be:- 

1-distance width and height are different.  For example: 

 Map width=100, height = 56 while goal width=23, height =213 

2-location start and end in both worlds are not same side direction.  For example:  

Map Start= (left, up), End = (right, down) while goal Start= (left, down), End= (right, up) 

3- Range or boundaries of two worlds are too different. For example 

Map Start= (30, -5), End = (-10, 50)  x = [30  ... -10], x = [-5  ... 50] 

While goal Start= (-9, 12), End= (-28, -70)  x = [-9  ... -28], x = [12  ... -70] 

 

To solve this approach need three transformations to:- 

A. Shift Start location Map into origin point by Tx= -X𝑠𝑡𝑎𝑟𝑡
𝑚𝑎𝑝

 , Ty= -Y𝑠𝑡𝑎𝑟𝑡
𝑚𝑎𝑝

 , Tz= -Z𝑠𝑡𝑎𝑟𝑡
𝑚𝑎𝑝

 

B. Calculate Width & Height for both world and keep direction (End world - Start world) 

Map 

Start (a1, b1, c1) 

End (a2, b2, c2) 

Goal 

End (x1, y1, z1) 

Start (x2, y2, z2) 
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𝑆𝑥 =
(X𝑒𝑛𝑑

𝑔𝑜𝑎𝑙
−X𝑠𝑡𝑎𝑟𝑡

𝑔𝑜𝑎𝑙
)

(X𝑒𝑛𝑑
𝑚𝑎𝑝

−X𝑠𝑡𝑎𝑟𝑡
𝑚𝑎𝑝

)
 , 𝑆𝑦 =

(Y𝑒𝑛𝑑
𝑔𝑜𝑎𝑙

−Y𝑠𝑡𝑎𝑟𝑡
𝑔𝑜𝑎𝑙

)

(Y𝑒𝑛𝑑
𝑚𝑎𝑝

−Y𝑠𝑡𝑎𝑟𝑡
𝑚𝑎𝑝

)
 , 𝑆𝑧 =

(Z𝑒𝑛𝑑
𝑔𝑜𝑎𝑙

−Z𝑠𝑡𝑎𝑟𝑡
𝑔𝑜𝑎𝑙

)

(Z𝑒𝑛𝑑
𝑚𝑎𝑝

−Z𝑠𝑡𝑎𝑟𝑡
𝑚𝑎𝑝

)
 

C. Return at start location of goal by Tx= X𝑠𝑡𝑎𝑟𝑡
𝑔𝑜𝑎𝑙

 , Ty= Y𝑠𝑡𝑎𝑟𝑡
𝑔𝑜𝑎𝑙

 , Tz= Z𝑠𝑡𝑎𝑟𝑡
𝑔𝑜𝑎𝑙

 

 

Ex//Polygon consist of { a(-20, -50, 30), b(0, 34, -10), c( 30, -36, -10)} Draw on area starting (-

50, -80,20) and ending at (40,60,-15) how can represent these polygon on area starting( 1,-1,1) 

with ending (-11, 10, -7) 

Sol// area1 width=40+50=90, height=60+80=140, deep= -15-20= -35 

Area2 width= -11-1= -12, height=10+1=11, deep= -7-1= -8 

Step 1: Tx=50, Ty=80, Tz= -20  A (30, 30, 10), B (50, 114, -30), C (80, 44, -30) 

Step2: Sx= -12/90,Sy=11/140,Sz= -8/-35 

 A (-4, 2.3571, 2.2857), B (-6.6667, 8.9571, -6.8571), C (-10.6667, 3.4571, -6.8571) 

Step 3: Tx=1, Ty= -1, Tz= 1  

 A (-3, 1.3571, 3.2857), B(-5.6667, 7.9571, -5.8571), C(-9.6667, 2.4571, -5.8571)  

 

Figure points=[
−20 −50 30 1

0 34 −10 1
30 −36 −10 1

] 

𝑆𝑡𝑒𝑝1 = [

1 0 0 0
0 1 0 0
0

50
0

80
1

−20
0
1

] 

𝑆𝑡𝑒𝑝2 =  [

−𝟏𝟐/𝟗𝟎 0 0 0
0 𝟏𝟏/𝟏𝟒𝟎 0 0
0
0

0
0

−𝟖/−𝟑𝟓
0

0
1

] 
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𝑆𝑡𝑒𝑝3 = [

1 0 0 0
0 1 0 0
0
1

0
−1

1
1

0
1

] 

Goal=Figure points × step1 × step2 × step3 

 


